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Abstract 

The idea of variable sampling interval and warning limits (VSIWL) is proposed for X charts. Expressions for 
the performance measures for the charts with VSIWL are developed. The methods presented are general 
and can be applied to other Shewhart control charts. The performances of VSIWL X  charts are compared 
numerically with that of VSI X  charts with and without runs rules for switching between sampling interval 
lengths. It is observed that in general the former charts perform significantly better than the later. 
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Introduction 
Nowadays it has been well recognized that adaptive 
control charts are significantly more efficient than the 
static ones. Reynolds et al. (1988) were the first to 
consider the intuitive notion of adapting sampling interval 
length of a control charts according to the status of a 
process indicated by the last plotted sample point.  
They proposed variable sampling interval (VSI) X  
charts. The principle of choosing the sampling interval 
length in a VSI chart is that as the location of the current 
sample point approaches the control limits, tighten the 
control by taking the next sample more quickly.  
The in-control area of the chart is partitioned into a 
central region and one or more warning regions. Each 
region determines length of the sampling interval for the 
next sample if the current sample point falls in it. 
Reynolds et al. (1988) showed that the idea of  
VSI substantially improves the statistical performance of 
X  charts. Also, they showed that the statistical 
performance of a VSI X  chart in detecting a shift of any 
magnitude that exists initially is optimized by using the 
dual sampling interval policy consisting of the shortest 
and longest possible sampling interval lengths.  
Afterwards, Prabhuet al. (1993) and Costa (1994) 
independently proposed variable sample size X  charts. 
Prabhu et al. (1994) proposed variable sample size and 
sampling interval X  charts. Costa (1999a) proposed the 
adaptive X  charts in which all the three design 
parameters are variable. Tagaras (1998) reported an 
extensive survey of the research on adaptive control 
charts until 1997. Then also, various schemes of 
adaptive control charts have been proposed and 
extensively investigated with different perspectives. See 
for example,  Amin and Widmaier (1999), Costa(1999b), 
Aparasi and Haro (2003), Costa and Rahim (2001), 
Epprecht et al. (2003), Zimmer et al. (1998), Reynolds 

and Stoumbos (2001), Wu et al. (2005), Yu and Hou 
(2006), Celano et al. (2006), Chen (2007), Wu  
et al. (2007), Yang and Su (2007), Mahadik and Shirke 
(2007a, b), Jiang et al. (2008), Jensen et al. (2008),  
Luo et al. (2009), Wu et al. (2009), Shi et al. (2009),  
De Magalhaes et al. (2009), Celano (2009), Faraz and 
Moghadam (2009), Mahadik and Shirke (2009, 2011),  
Li and Wang (2010), Epprecht et al. (2010), Shu  
et al. (2010), Mahadik (2012a, b, 2013), Chen et al. 
(2011), Dai et al. (2011),Faraz and Saniga (2011), Nenes 
(2011), Kooli and Limam (2011) and Lee (2011). 
 
The weakness of any adaptive control chart is the 
inconvenience in its administration due to the frequent 
switches between the values of its adaptive design 
parameters. In order to reduce the frequency of switches 
between sampling interval lengths of VSI charts, Amin 
and Letsinger (1991) proposed the use runs rules for 
switching between these lengths. Amin and Hemasinha 
(1993) developed approximate expressions for the 
performance measures for VSI X  charts with such runs 
rules while Mahadik (2011a) developed the exact 
expressions. 
 
In the present study, the idea of variable warning limits is 
proposed for VSI X  charts. This significantly improves 
statistical performances of the charts in detecting small 
to moderate shifts in the process mean and also 
dramatically reduces the frequency of switches between 
sampling interval lengths.  
 
Materials and methods 
A VSIWL X Chart: Let the quality characteristic X to be 
monitored follows a normal distribution with mean and 
a known and constant standard deviation . Suppose 0
is the target value of 
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An occurrence of an assignable cause results in a shift of 
size in , where is expressed in units. It is 
assumed that remains constant following the 
occurrence of a shift until it is detected. A VSIWL X  
chart to monitor is as described below. 
 
The chart statistic is the standardized sample mean

  0 ii XnZ , where iX , i = 1, 2, …, is the 
mean of ith sample of size is n drawn on X. Note that 
when  = 0 , iZ N (0, 1), and when  = 0  + , iZ N 

( n , 1). Each control limit of the chart is at the 
distance of L units from its centerline. Let t(i) be the 
length of sampling interval between (i – 1)st and ith trials 
and w(i) be the distance of each warning limit from the 
centerline for the ith trial, i = 1, 2, …. The values of 
(t(i),w(i)) can be either ( 1t , 1w ) or ( 2t , 2w ), where 1t , 2t , 

1w , and 2w are such that maxt  1t  2t  mint  and L> 1w
 2w > 0, where  mint  and maxt  are the shortest and 
longest possible sampling intervals, respectively. When 

1iZ  falls within the control limits, the pair of values of 

(t(i),w(i)), i = 2, 3, …,between ( 1t , 1w ) and ( 2t , 2w ) is 
chosen according to the following rule 
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where 1I  = [−w(i), w(i)] and 2I  = (−L, −w(i)) (w(i), L) for 
the ith trial, i = 1, 2, … 
  
At start-up the values of (t(1),w(1)) can be chosen using 
an arbitrary probability distribution, as no prior sample is 
available. In practice, it is recommended to use the pair  
( 2t , 2w ) for the first trial to provide additional protection 
against the problems that may exist initially. The trial 
following an out-of-control signal is again treated to be 
the first trial and the mechanism of choosing (t(i),w(i))is 
restarted from that. The chart signals an out-of-control 
state when a sample point falls beyond the control limits. 
Figure 1 shows a typical VSIWL X  chart. 
 

Fig. 1. A VSIWL X  chart. 

 

 
In practice, only one set of the warning limits may be 
shown anywhere on the chart within the control limits to 
represent the two sets in order to avoid the complexity in 
the administration. Suppose each warning limit of this set 
is at a distance of w units from the centerline. 
When w(i) = jw , j = 1, 2, plot iZ  anywhere within  
[−w, w],(−L, −w), and (w, L), respectively, when it is 
within [− jw , jw ], (−L, − jw ), and ( jw ,L). Note that 

when 1w  = 2w , a VSIWL X chart is a VSI X chart. 
In the next section, expressions for performance 
measures for a VSIWL X  chart are derived. 
 
Performance measures: The appropriate measures of 
statistical performance of a VSIWL X chart are the 
steady-state average time to signal (SSATS) and the 
average number of samples to signal (ANSS). SSATS is 
the expected value of the time between a shift that 
occurs at some random time after the process starts and 
the time the chart signals while ANSS is the expected 
value of the number of samples taken from a shift to the 
time the chart signals. The administrative performance 
can be measured through average number of switches to 
signal (ANSW). ANSW is the expected value of the 
number of switches between two sampling interval 
lengths from a shift to the signal. 
 
Let SSATS, ANSS, and ANSWbe the SSATS, ANSS, 
and ANSW, respectively of a control chart when the 
process mean has shifted from 0  to 1  = 0  + 
In the following, first the expressions for SSATS and 
ANSS are derived using a Markov chain approach. 
Brook and Evans (1972) were the first to use this 
approach to find the average run length of a control 
chart. Henceforth, the ith trial refers to the ith trial after a 
shift when i> 0 and the last trial before the (i + 1)st trial 
when i ≤ 0.Also, iZ refers to the sample point 
corresponding to the ith trial. 
 
Define the three states 1, 2, and 3 of the Markov Chain 
corresponding to whether a sample point is plotted in 1I ,

2I  and 3I  = (− , −L] [L,  ), respectively. State 3 is 
the absorbing state, as the process of taking samples is 
restarted when a sample point falls in region 3I . 
The transition probability matrix is given by 
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Where 
jkp  is the transition probability that j is the prior 

state and k is the current state, when the process mean 
has shifted by .  
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For example, 


12p  =  Pr [ iZ  2I | 1iZ  1I ] 

 Pr [ iZ  2I | w(i) = 1w ] 

= Pr [−L< iZ < − 1w ] + P[ 1w < iZ <L] 

  − 1w − n ) −  −L− n ) +  

             L− n ) −  1w − n ), 
 

Where  is the cumulative distribution function of 
standard normal variate. 
 
Then, SSATSand ANSSare given by  
SSATS

1)(  δ
1PIb t−E(U)                                 (1) 

And ANSS
1)(  δ

1PIb 1, 

Where I is the identity matrix of order 2, δ
1P  is the sub 

matrix of δP  that contains the probabilities associated 
with the transient states only, t  = ( 1t , 2t ),1  = (1, 1), and 

b  = ( 1b , 2b ), jb  being the conditional probability that 

0Z  falls in jI  given that it falls within the control limits,  j 

= 1, 2. We note that 2b  = 1 − 1b . The Expression for 1b  
is derived in appendix A. 
 
E(U) in equation (1) is the expected value of the time U 
between the 0th trial and the shift. Assuming that an 
assignable cause of a process shift occurs according to a 
Poisson process, it can be shown that E(U) = 2)]1(E[t . 

Hence, SSATS
1)(  δ

1PIb t− 2)]1(E[t . 

Now, to derive the expression for ANSW, let iO  be the 
number of switches between two sampling interval 
lengths following the ith trial until the signal, i = 1, 2, … 
Further, let 

)(E 1 jiii.j IZOo  
 ,i = 1, 2, … ,j = 1, 2. 

Then, the expression for ANSW is given by 
ANSW = E [ 1O ] = 

122111 .. obob  = δ
1Ob , 

Where, ),( 21  
s.s. ooδ

sO , s = 1, 2, …  

The expression for δ
1O  is derived in appendix B. 

Alternatively, the expression for ANSWcan also be 
obtained using the Markov Chain approach. For, let 
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It is easy to see that { iY , i = 1, 2, …} is a Markov Chain 
with transition probability matrix 
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Then, the expression for ANSW is given by 
ANSW ea 1)(  δ

11 QI  

Where, 1I  is the identity matrix of order 4, δ
1Q  is the sub 

matrix of δQ  that contains the probabilities associated 
with the transient states only, e = )0 0, 1, (1,  , and  
a = ), ,,( 4321  aa aa , ja being the initial probability of 
state j, j = 1, 2, 3, 4, given by 
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Results and discussion 
Performance evaluation of VSIWL X  charts:  
The performances of VSIWL X  charts are evaluated by 
comparing that with that of VSI, VSI (1, 3), and VSI (2, 3) 
X  charts, where VSI (k, m) X  charts refers to the VSI 
X  charts with runs rule (k, m) for switching between 
sampling interval lengths. When the successive  
m sample points before the ith trial fall within the control 
limits, rule (k, m) chooses sampling interval length 1t for 
the ith trial if among those m sample points, the number 
of sample points falling in each warning region is less 
than k, otherwise it chooses the sampling interval length

2t . See Mahadik (2011a) for the details of VSI (k, m) X  
charts. 
 
Among various runs rules considered by Mahadik 
(2011a), runs rule (1, 3) reduces the ANSW values of 
VSI X charts the most without affecting their SSATS 
values for small to large shifts in the process mean. 
Further, runs rule (2, 3) significantly reduces both, the 
ANSW values for shifts of all sizes and SSATS values for 
small shifts without affecting that for large shifts. Hence, 
the VSI X charts with these runs rules are chosen for 
comparison. 
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Table 1. The SSATS values of the matched VSIWL, VSI, VSI (1, 3), and VSI (2, 3) X  charts. 

Chart 1w  2w  
SSATS for a shift of size 

0 0.25 0.5 0.75 1 1.5 2 2.5 3 4 

Case 1: n= 1, 1t = 2, 2t = 0.2, L = 3 

VSIWL 1.40 0.16 369.90 267.80 129.49 55.91 24.35 5.79 2.10 1.11 0.75 0.54 

VSIWL 2.20 0.03 369.90 259.80 118.03 49.16 22.06 6.42 2.72 1.45 0.92 0.57 

VSI 0.59 

 

369.90 274.69 142.14 66.98 31.51 7.67 2.40 1.11 0.73 0.54 

VSI (1, 3) 1.18 

 

369.90 268.63 130.38 55.85 23.65 5.23 1.93 1.06 0.74 0.54 

VSI (2, 3) 0.39 

 

369.89 267.35 128.13 54.04 22.70 5.30 2.23 1.37 0.98 0.63 

Case 2: n = 2, 1t = 1.8, 2t = 0.4, L = 3 

VSIWL 1.30 0.18 369.90 209.38 71.76 24.76 9.78 2.49 1.07 0.68 0.55 0.50 

VSIWL 2.00 0.04 369.90 201.66 65.60 22.89 9.66 2.74 1.18 0.71 0.56 0.50 

VSI 0.56 

 

369.90 216.33 79.68 29.08 11.50 2.62 1.06 0.67 0.55 0.50 

VSI (1, 3) 1.16 

 

369.90 209.20 70.82 23.72 9.17 2.40 1.07 0.68 0.55 0.50 

VSI (2, 3) 0.38 

 

369.89 207.90 69.51 23.23 9.18 2.64 1.27 0.79 0.59 0.50 

Case 3: n = 3, 1t = 1.2, 2t = 0.6, L = 3 

VSIWL 1.60 0.27 369.90 175.09 50.91 16.48 6.50 1.73 0.80 0.56 0.51 0.50 

VSIWL 2.10 0.08 369.90 172.12 49.12 16.25 6.67 1.83 0.82 0.57 0.51 0.50 

VSI 0.96 

 

369.90 179.09 54.71 18.20 7.03 1.73 0.79 0.56 0.51 0.50 

VSI (1, 3) 1.52 

 

369.90 175.73 51.36 16.53 6.46 1.72 0.80 0.56 0.51 0.50 

VSI (2, 3) 0.64 

 

369.90 173.64 49.67 15.97 6.42 1.86 0.88 0.59 0.51 0.50 

Case 4: n = 4, 1t = 1.5, 2t = 0.5, L = 3 

VSIWL 1.40 0.20 369.90 140.23 32.02 9.14 3.51 1.03 0.60 0.51 0.50 0.50 

VSIWL 1.80 0.09 369.90 136.30 30.59 9.05 3.60 1.07 0.60 0.51 0.50 0.50 

VSI 0.67 

 

369.90 147.14 36.19 10.31 3.71 1.02 0.59 0.51 0.50 0.50 

VSI (1, 3) 1.26 

 

369.90 140.48 31.60 8.83 3.41 1.03 0.60 0.51 0.50 0.50 

VSI (2, 3) 0.45 

 

369.92 138.65 30.74 8.80 3.58 1.18 0.65 0.52 0.50 0.50 

Case 5: n = 5, 1t = 1.4, 2t = 0.3, L = 3 

VSIWL 1.50 0.29 369.90 115.18 20.52 4.94 1.86 0.69 0.52 0.50 0.50 0.50 

VSIWL 1.90 0.12 369.90 110.48 19.12 4.98 2.00 0.73 0.53 0.50 0.50 0.50 

VSI 0.91 

 

369.90 122.74 24.70 5.98 2.00 0.68 0.52 0.50 0.50 0.50 

VSI (1, 3) 1.47 

 

369.90 115.52 20.38 4.78 1.83 0.69 0.52 0.50 0.50 0.50 

VSI (2, 3) 0.60   369.91 111.77 18.84 4.71 2.05 0.85 0.56 0.50 0.50 0.50 
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Table 2. The ANSW values of the matched VSIWL, VSI, VSI (1, 3), and VSI (2, 3) X  charts. 

Chart 1w  2w  
ANSW for a shift of size 

0 0.25 0.5 0.75 1 1.5 2 2.5 3 4 

Case 1: n = 1, 1t = 2, 2t = 0.2, L = 3 

VSIWL 1.40 0.16 52.29 40.26 22.60 11.49 5.65 1.42 0.52 0.31 0.21 0.07 

VSIWL 2.20 0.03 8.27 6.57 3.91 2.12 1.15 0.47 0.30 0.23 0.16 0.06 

VSI 0.59 

 

182.42 137.53 73.98 36.49 17.74 4.18 1.10 0.43 0.24 0.07 

VSI (1, 3) 1.18 

 

77.77 59.09 32.00 15.38 6.95 1.37 0.49 0.32 0.22 0.07 

VSI (2, 3) 0.39 

 

108.88 80.05 39.82 17.18 7.00 1.31 0.55 0.36 0.22 0.05 

Case 2: n = 2, 1t = 1.8, 2t = 0.4, L = 3 

VSIWL 1.30 0.18 60.61 37.18 14.66 5.32 1.95 0.45 0.24 0.12 0.05 0.00 

VSIWL 2.00 0.04 13.59 8.72 3.66 1.46 0.67 0.31 0.20 0.11 0.04 0.00 

VSI 0.56 

 

180.93 107.51 40.55 14.51 5.17 0.80 0.27 0.13 0.05 0.00 

VSI (1, 3) 1.16 

 

77.91 46.75 17.25 5.51 1.70 0.41 0.25 0.13 0.05 0.00 

VSI (2, 3) 0.38 

 

108.28 61.04 19.55 5.44 1.62 0.47 0.26 0.11 0.03 0.00 

Case 3: n = 3, 1t = 1.2, 2t = 0.6, L = 3 

VSIWL 1.60 0.27 52.79 29.67 10.84 3.54 1.25 0.42 0.20 0.06 0.01 0.00 

VSIWL 2.10 0.08 16.31 9.82 3.82 1.40 0.67 0.34 0.17 0.05 0.01 0.00 

VSI 0.96 

 

164.18 85.94 29.82 10.12 3.42 0.60 0.22 0.06 0.01 0.00 

VSI (1, 3) 1.52 

 

62.27 34.70 12.58 3.97 1.29 0.43 0.21 0.06 0.01 0.00 

VSI (2, 3) 0.64 

 

95.60 48.90 14.50 3.70 1.16 0.42 0.15 0.03 0.00 0.00 

Case 4: n = 4, 1t = 1.5, 2t = 0.5, L = 3 

VSIWL 1.40 0.20 58.82 25.95 6.72 1.70 0.60 0.24 0.08 0.01 0.00 0.00 

VSIWL 1.80 0.09 25.62 11.85 3.21 0.94 0.45 0.22 0.07 0.01 0.00 0.00 

VSI 0.67 

 

184.70 76.37 19.08 4.68 1.26 0.27 0.08 0.01 0.00 0.00 

VSI (1, 3) 1.26 

 

76.21 32.51 7.60 1.59 0.55 0.25 0.08 0.01 0.00 0.00 

VSI (2, 3) 0.45 

 

109.31 41.28 7.69 1.48 0.60 0.24 0.06 0.01 0.00 0.00 

Case 5: n = 5, 1t = 1.4, 2t = 0.3, L = 3 

VSIWL 1.50 0.29 61.72 25.44 6.18 1.47 0.58 0.22 0.04 0.00 0.00 0.00 

VSIWL 1.90 0.12 25.80 11.40 2.91 0.86 0.46 0.20 0.04 0.00 0.00 0.00 

VSI 0.91 

 

170.96 64.84 15.67 3.72 1.03 0.24 0.04 0.00 0.00 0.00 

VSI (1, 3) 1.47 

 

65.75 26.94 6.34 1.37 0.55 0.22 0.04 0.00 0.00 0.00 

VSI (2, 3) 0.60   99.72 35.45 6.31 1.23 0.57 0.17 0.02 0.00 0.00 0.00 
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The four charts mentioned above are designed such that 
their in-control statistical performances are matched. 
This is done by keeping the design parameters n, 1t , 2t , 
and L of all the charts the same and choosing the 
warning limits of each chart such that E[t(1)] = 0t  holds 

for each chart, where 0t is some suitable constant. 

As a VSIWL X  chart has two sets of warning limits, by 
fixing one of them this condition uniquely determines the 
other. By fixing 1w , we get  
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In the same way the warning limits of VSI, VSI (1, 3), and 
VSI (2, 3) X  charts are determined. 
 
The SSATS and ANSW values of such statistically 
matched charts are then computed for shifts of various 
sizes. Tables 1 and 2, respectively, show these values 
for five different sets of the matched charts. Note that as 
all the charts in a set use the same values of L and n, 
their ANSS values will be the same. Hence, ANSS is not 
a relevant measure to compare the statistical 
performances of the charts. Computations of the SSATS 
and ANSW values indicate the following facts in general. 
 
If the warning limits of a VSIWL X  chart are chosen 
such that its SSATS values for the large shifts match that 
of a VSI X  chart then for the small to moderate shifts, 
its SSATS values are slightly smaller than that of the VSI 
X  chart and are similar to that of a VSI (1, 3) X  chart. 
Further, the ANSW values of a VSIWL X chart are 
significantly smaller than that of the VSI and VSI (1, 3) 
X  charts. 
 
On the other hand, if the warning limits of a VSIWL X  
chart are chosen such that its SSATS values for the 
large shift are very slightly larger than that of a VSI X  
chart then for the small to moderate shifts, its SSATS 
values are significantly smaller than that of the VSI and 
VSI (1, 3) X  charts and are similar to that of a VSI (2, 3) 
X  chart. Besides, its ANSW values are dramatically 
smaller than that of the other charts and are about 5 to 
15% of that of a VSI X  chart. 
 
 
 

 
Example 
The statistically matched VSIWL, VSI (1, 3), VSI (2, 3), 
and VSI X  charts with the design parameters, viz., n= 4, 

1t = 1.5 hours, 2t = 0.5 hour, and L = 3 are implemented 
simultaneously and independently for a process.  
The process is initially in control when the 
implementation of the charts is started and a shift of size 
0.75 occurs at 5 hours after that. Table 3 shows the 
sample means taken for the two VSIWL X charts along 
with the corresponding times, sampling interval lengths, 
and the warning limits used. Table 4 shows the same for 
VSI (1, 3), VSI (2, 3), and VSI X charts. The pair ( 2t , 2w ) 
is used for the first trials for the VSIWL charts and the 
pairs for the subsequent trials are chosen according to 
the rule of the charts. Similarly, sampling interval length

2t is used for the first trial for the VSI chart and for the 
first three trials for the VSI (1, 3) and VSI (2, 3) charts. 
Sampling interval lengths for the subsequent trials for 
these charts are chosen according to the respective rules 
of the charts. Table 5 shows the performances of the five 
charts which clearly demonstrate the superiority of the 
VSIWL charts. 
 

Table 3. The details of the VSIWL X  charts for the process 
in the example. 

VSIWL with VSIWL with 

1w  = 1.4, 2w  = 0.2 1w  = 1.8, 2w  = 0.09 
Time 
in 
hours 

(t(i), w(i)) Zs 
Time 
in 
hours 

(t(i), w(i)) Zs 

0.5 (0.5, 0.2) -0.42 0.5 (0.5, 0.09) 1.01 
1 (0.5, 0.2) -1.35 1 (0.5, 0.09) 0.14 
1.5 (0.5, 0.2) 1.10 1.5 (0.5, 0.09) 0.50 
2 (0.5, 0.2) -1.43 2 (0.5, 0.09) 2.25 
2.5 (0.5, 0.2) 1.33 2.5 (0.5, 0.09) 0.80 
3 (0.5, 0.2) 0.46 3 (0.5, 0.09) 0.51 
3.5 (0.5, 0.2) -0.49 3.5 (0.5, 0.09) -0.66 
4 (0.5, 0.2) 0.36 4 (0.5, 0.09) 2.88 
4.5 (0.5, 0.2) 0.97 4.5 (0.5, 0.09) -0.83 
5 (0.5, 0.2) 1.88 5 (0.5, 0.09) 2.28 
5.5 (0.5, 0.2) 1.38 5.5 (0.5, 0.09) 2.82 
6 (0.5, 0.2) 2.46 6 (0.5, 0.09) 3.26 
6.5 (0.5, 0.2) 1.48    
7 (0.5, 0.2) 0.61    
7.5 (0.5, 0.2) 2.37    
8 (0.5, 0.2) 1.65    
8.5 (0.5, 0.2) 1.26    
9 (0.5, 0.2) 3.47       
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Conclusion 
The idea of variable warning limits is introduced for  
VSI X  charts. Expressions for the performance 
measures, viz., SSATS, ANSS and ANSW for VSIWL X  
charts are developed. The methods presented are 
general and can be applied to other Shewhart control 
charts. The effects of variable warning limits on the 
performances of the charts are evaluated by comparing 
the performances of VSIWL X  charts with that of  
VSI X  charts with and without runs rules for switching 
between sampling interval lengths. It is observed that the 
variable warning limits dramatically reduce the ANSW 
values of the charts. The idea is even superior to that of 
runs rules for switching between sampling interval 
lengths for reducing the ANSW values.  
 

 

 

 
Also, it significantly reduces the SSATS values of the 
charts in detecting small to moderate shifts in the 
process mean without significantly affecting that in 
detecting large shifts. It would be interesting to study the 
application of variable warning limits to the other 
adaptive control charts. 
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